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HEAT CAPACITY INCREASES WITH PRESSURE
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Conventional thermodynamic expression predicts that the isobaric heat capacity decreases with increasing pressure. In model
calculations, heat capacity increases with pressure, decreases, or remains insensitive to pressure, depending on the model applied.
The expression cannot be applied to the gases, but experimental data on gases show evidently that heat capacity increases with pressure.
Considering the change in enthalpy along two different paths with identical starting and ending points, we derive new expression
dCp/dP=0V, where o is the volume coefficient of thermal expansion and V is the molar volume. The expression predicts the
increase in Cp with pressure and can be applied to gases. The test of the new expression against accurate literature data on the heat

capacity of air, gaseous and liquid, demonstrates its validity.
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Introduction

Heat capacity is a key property of a thermodynamic
phase, because its entropy, enthalpy, etc., are derived
from experimental data on isobaric heat capacity,
Cp(T). The latter is measured usually under ambient
pressure and can be extrapolated up to high pressure
according to thermodynamic relations or model
evaluations. Thermodynamic relationship between
heat capacity and pressure is

) (E )

where V is the molar volume, 7'is the temperature and
o is the volume coefficient of thermal expansion [1].
Equation (1) is known for many decades. Eq. (1) in its
intermediate form was used as a problem for self-testing
in the monograph by Lewis and Randall, 1923 [2].
Variables and coefficients in the right-hand part of
formula (1) are each positive for solids and liquids.
Sign ‘minus’ before the whole right-hand part means
that the heat capacity always decreases with increasing
pressure. Sometimes this leads to spurious predictions
of negative heat capacity at high pressures [3].
Experimental data on heat capacity of condensed
matter under high pressure are scarce and inaccurate,
because direct and accurate adiabatic calorimetry
developed for ambient pressure can be hardly adapted
to the devices generating high pressure [4-6]. Indirect
measurements are based, for example, on the transient
hot-wire techniques, measuring a product of ‘heat
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capacity-heat conductivity’ [7]. Coefficient of heat
conductivity under ambient pressure is known with
much less accuracy (~5%) than heat capacity (~0.5%).
The increase of Cp for amorphous SiO, by 0.1% when
P increases by 1 GPa is considered in good agreement
with the decrease of 0.0%, calculated after Eq. (1) [8].
The lack of experimental data is filled with the
model relationships, allowing one to derive heat
capacity from the equation of state (EOS), interatomic
potential, molecular dynamics, etc. Heat capacity
increases with pressure, decreases, or remains almost
insensitive to pressure, depending on the model
applied. It is difficult to recognize a general tendency
in the changes of ‘model’ Cp with pressure. Heat
capacity decreases with pressure for liquid SiO, [9]
and increases for liquid MgO [10]. It is reasonable
that pressure increases frequency of atomic vibration
in solids, increasing Debye temperature and, hence,
decreasing heat capacity if the latter is less than the
Dulong—Petit value (3R per atom) [11, 12]. The same
is valid for organic solids and liquids, where Cp decreases
with pressure [13]. Nevertheless, room-temperature heat
capacity of MgO increases from 30.04 J mol ' K" at
0.1 MPa to 31.71 J mol' K" at 35 GPa [14]. Heat
capacity of iron decreases with pressure at low
temperatures and increases at high temperatures due
to the increase in electronic heat capacity with pressure
[15], but, according to another model, electronic heat
capacity in iron decreases with pressure [16].
Measurements of heat capacity of gases under
pressure are much accurate than those for solids and
liquids. Gases do not possess electronic heat capacity
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or Debye temperature. They are most suitable for the
testing of thermodynamic relation between Cp and
pressure. Unfortunately, sixty years ago experiments
showed that Eq. (1) is poorly applicable to gases [17].
The differentiations of the P—V-T values were found
to be so sensitive to the analytic methods of handling
the data that the direct experimental determination is
to be preferred [18]. In applying Eq. (1) to the ideal gas,
we see that pressure does not affect its heat capacity:

LN RT_ 1 o
Vv dr P T
Substituting
0= and oo ) __ 1y (1), we receive
T? or ), T*?
)
P ).

Experimental data certainly prove that the heat
capacity of gases increases with pressure. The less
temperature, the greater the increase [17]. Why does
Eq. (1) describe gases incorrectly?

Equation (1) is derived from another equations
by the differentiation:

2 3
oT ), or* ), L oP ) oPoT”?

Then the order of the differentiation is changed

0°G  8°G oG
———=———and | — | =V
OPOT* OT*0P oP ),

Equation (1) is useless for ideal gases because

2
o =0 for V:E
orT? , P

Substitution of the derivatives for the thermal
expansion coefficient does not change the fact that the
right-hand part of Eq. (1) is equal to zero.

The objective of the work was to derive new
expression for the relationship between pressure and heat
capacity. Mathematical operations with thermodynamic
functions are universal for all phases, solid, liquid or
gaseous. The phases differ from one another in the
values of their thermodynamic properties and derivatives.
Experimental data on gases exhibit the greatest effect
in the heat capacity as compared with solids and
liquids and the new expression is to be applicable to
gases, allowing us to test it most accurately.
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Fig. 1 Two paths for the evaluation of enthalpy change
between points A (P,,71) and D (P,,73): one-stage
A—D and three-stage A>B—C—D

Deriving new expression

The disadvantage of old expression (1) arose from the
sequence of differentiations and we should use
differentiation as less as possible. Enthalpy as a
function of temperature is shown in Fig. 1 for two
pressures, Py and P,. Enthalpy increases with pressure
because dH=T7dS+VdP and VdP>0. Upper line in
Fig. 1 is for the greater pressure, P,>P;. Enthalpy is a
potential, depending only on the starting and final
variables, not on the path of the change. Two ways of
the enthalpy change between points A (71,P,) and D
(T,,P,) are shown in Fig. 1: one-stage isobaric heating
from 77 to 7, (A—>D) and three-stage path with
decreasing in pressure (A—B), isobaric heating
(B—C) and increasing in pressure (C—D). Enthalpy
changes on the stages are

A—-D: H(PQ, Tz)*H(Pz, T])
Py
A—B: H(Py, T\)-H(P>, Ty)=[V (T, )dP
P,
B—-C: H(Pl, Tz)—H(Pl, Tl)
P,
CoD: H(P2, To)-H(P, To)=[V (T, )dP
Pl
The enthalpy changes on both paths are equal:

pI
H(P2, To)~H(Ps, Ty)=[V (T, )dP+H(Py, T>)-
Py

*H(Pl, T1)+-fV(T2)dP:H(P1, Tz)*H(Pl, T1)+

Py

[ v@up
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Let us change designations 7,=T and T,=T+AT
and divide the whole expression by AT:

H(P,T+AT)-H(P,T) _H(P,T+AT)-H(PT) |
AT AT

TV(T+AT)—V(T)
3 AT

The equation is valid for all values of AT,
including infinitesimal. By definition

o LA () _df
Ax—0 Ax dx

for AT—0 we have

dH(P,) _(dH(P,) +"f(dvjdp
ar ), dar ), +\dT ),

Py

or

Cy (PT)=C, (PLT) [ DVTIAP  (3)

Py

Differential form equivalent to Eq. (1) is

[ddf; J —o(T)V(T) )

Now right-hand part is positive and heat capacity
increases with pressure. This agrees with experimental
results observed for gases seventy years ago. Using
Eq. (2), we can integrate Eq. (3)

P
G, (P, T)=C, (PI,T)"‘RlnFZ

1

For ideal gas Cp=Cy+R and

dc, dc, P
= C, (P,,T)=C, (P,,T)+RIn=2 (5
(4] 4990 ey it

Having V=const. and using Eq. (2) again, we derive

from Eq. (4)
dC, ) _const.
P ). T

The less the temperature, the greater the increase
in heat capacity. It explains at long last the finding of old
calorimetric experiments on gases under pressure [17].

Testing new expression

To test Eq. (4) more thoroughly, we will use accurate
experimental data on isochoric heat capacity of air [19].
The measurements were carried out in a calorimeter
designed in the National Bureau of Standards (US).
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All experimental points published in [19] are shown
in Fig. 2. Pressure in the calorimeter changes together
with temperature during the heating and experimental
points are distributed in a wide range of temperature
and pressure (not shown in the figure, but listed in the
table of experimental results in [19]). For ‘isothermal’
section, we will use the points near 150, 200 and 250 K.
They are shown in the figure by large marks, with the
arrows pointed at them.

Experimental data for Cy(P,200) and Cy(P,250) are
shown in Fig. 3. One can see that i) heat capacity actually
increases with pressure, i7) the increase is not linear,
iii) the increase at 200 K is greater than that at 250 K.

To check logarithm relationship between heat
capacity and pressure predicted by Eq. (5), we plotted

34
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C,/ mol ' K

Fig. 2 Experimental points on the heat capacity of air [19].
Arrows indicate at the points for testing isothermal
sections: 4 —near 150, ® — 200 and ® — 250 K
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Fig. 3 Isochoric heat capacity as a function of pressure for
® —200 and m—-250 K
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Fig. 4 Testing Eq. (5) for isochoric heat capacity for
® 200 and m 250K
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Fig. 5 Isochoric heat capacity at 150 K. Peak near 6.4 MPa is
a liquefaction of air. — — Regular function Cy(P,200)
is shown for comparison

Cy vs. InP (Fig. 4). Experimental points fit well to
linear regression Cy=1.154InP+20.16 for 200 K and
Cy=1.066InP+19.28 for 250 K. Coefficient of the
slope for ideal gas must be 1.000 exactly.

The main reason of the difference between the
coefficients, experimental and theoretical, is in non-ideality
of air. It is seen well in Fig. 5, with points in a
temperature range of 145—150 K. Increase in pressure
liquefies the air inside the calorimeter. It is conventional
to see the peak of heat capacity near the transition
point in temperature, but here we see the transition
point in pressure, near 6.4 MPa. Heat capacity of such
a gas differs significantly from that of ideal gas. It is
interesting that the points near 150 K were measured
by mistake. Magee considered air as a homogeneous
gas with a critical temperature of 132.52 K [19]. Its
experimental points near 150 K produced very large
discrepancy with the values calculated using a literature
model. Critical parameters of constituent gases are in
fact 126.05 K and 3.35 MPa for nitrogen, 151.05 K
and 4.8 MPa for argon and 154.35 K and 4.97 MPa
for oxygen [20]. Thus, the Figure shows liquefaction
of argon and oxygen at increasing pressure.

Heat capacity near 6.4 MPa consists of two
contributions, (1) regular increase proportional to InP
and (2) anomalous peak with a maximum at 6.4 MPa.
Regular heat capacity for 200 K is shown for comparison
(solid line). Anomalous contribution above 6.4 MPa
decreases with increasing pressure, tending to zero.
Total heat capacity decreases too, until the increase in
regular contribution exceeds the decrease in anomalous
contribution. Then the heat capacity starts to grow
again. Two last points in Fig. 5 indicate this increase.

Points above 6.4 MPa in Fig. 5 are for liquid air.
The increase in heat capacity of a liquid agrees with
new expression (4) and disagrees with old one (1),
because both thermal expansion coefficient and its
first derivative with respect to temperature are usually
positive for liquids. Nevertheless, Fig. 5 shows results
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too close to the critical point and properties of the
liquid are close to those of a gas. It is interesting to
test expression (4) with the heat capacity of ‘true’
liquid air, below the critical point of nitrogen. Most
suitable are two points near 82 K. Heat capacity of liquid
airis 31.31 Jmol ' K ' at 82.105 K and 25.0577 MPa
but 30.58 J mol ' K™ at 81.869 K and 11.7077 MPa.
Thus, heat capacity of liquid air certainly increases
with pressure.

Conclusions

New expression for the relationship between heat
capacity and pressure was derived from simple
thermodynamic consideration of the enthalpy change
between two isobaric points. Contrary to the old
expression, new one predicts that the heat capacity
increases with pressure.

New expression can be applied directly to gases,
unlike the old one. Accurate literature data on heat
capacity of air prove its validity:

* heat capacity of gaseous air increases with pressure,
proportional to the logarithm of pressure

« the effect increases with decreasing temperature

» heat capacity of liquid air also increases with
pressure.

These experimental relations for gases were
known for about 70 years, but without thermo-
dynamic explanation.

Old expression predicts that the heat capacity
decreases with pressure. We do not know what is the
reason of the drastic discrepancy between old and
new expressions. Probably, incorrect result in the old
expression arose from the change in the
differentiation order.
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